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Abstract
The conserved nonlocal charges generating the Geroch group with re-
spect to the canonical Poisson structure of the Ernst equation are
found. They are shown to build a quadratic Poisson algebra, which
suggests to identify the quantum Geroch algebra with Yangian struc-
tures.
Geroch’s discovery of an infinite-dimensional group of symmetries [1]
was one of the essential steps in the study of Einstein’s equations with two
Killing vector fields. The understanding of the algebraic structure under-
lying the Geroch group essentially improved with the construction of the
corresponding linear system [2, 3]. Closer analysis of this system further
provided different insightful realizations [4, 5, 6] of the symmetry algebra —
meanwhile identified as half of an affine Kac-Moody algebra.
In this letter, the Poisson realization of the Geroch group that has been
missed so far is revealed. We identify the infinite set of conserved charges
that generate the infinitesimal symmetry transformations with respect to
the canonical Poisson structure. For the quantum theory, where the classical
algebra of symmetries turns into a spectrum-generating algebra, the Poisson
realization is of essential importance, since it is exactly the quantum pendant
of this algebra according to the representations of which the spectrum of
physical states is classified.
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Thus, indeed surprising is the further obtained result (16), that in spite
of the fact that the Geroch algebra of transformations itself is known to be
linear, the Poisson algebra of associated charges comes out to be quadratic.
Its action however linearizes being restricted to the subset of solutions non-
singular at t = 0, in which all the Geroch charges vanish. The natural
quantum counterpart of the quadratic algebra is the affine quantum group
(Yangian), further related to knot theory. This indicates the link to arising of
these structures in the framework of the loop variable approach to quantum
gravity [7, 8].
Let us begin by fixing the notation, mainly following [9]. The model of
symmetry reduced 4D Einstein gravity is embedded into the general frame-
work of 2D dilaton-gravity coupled coset σ-models, which makes the un-
derlying group theoretical structure more transparent. As basic canonical
variables we consider fields V(xµ) mapping a 2D Lorentzian world-sheet
parametrized by coordinates x0 and x1 into a group G. The corresponding
currents Jµ ≡ J
a
µta ≡ V
−1∂µV live in the Lie algebra g with basis genera-
tors ta. Denote by h⊂ g the Lie algebra underlying the maximal compact
subgroup H⊂G; then g admits the decomposition into an orthogonal sum
g = h⊕ k. Accordingly, the physical currents Jµ are decomposed as
Jµ = V
−1∂µV ≡ Qµ + Pµ ; with Qµ ∈ h , Pµ ∈ k . (1)
We start from the 2D Lagrangian
L = 1
2
t tr(P 20 − P
2
1 ) , (2)
that is obtained from dimensional reduction of general higher dimensional
gravities and supergravities leading to various coset spaces G/H. In par-
ticular, Einstein gravity with two commuting (spatial) Killing vector fields
takes the form (2) with the field V parametrizing the coset SL(2,R)/SO(2).
The model (2) differs from the well known chiral field model only by
appearance of the dilaton field t, which is remnant of the size of the com-
pactified dimensions of the higher-dimensional space-time. From the treat-
ment of the so-called Einstein-Rosen waves (see the discussion in [10]) we
further adopt the identification of t with one of the coordinates of the 2D
worldsheet. For definiteness we set t≡x0, hence measuring time by the de-
terminant of the compactified part of the 4D metric. The spatial coordinate
is denoted by x≡x1.
The form of the Lagrangian (2) reveals its invariance under rigid trans-
formations g∈G and local transformations h(x, t)∈H
V(x, t) 7→ g−1V(x, t)h(x, t) , Pµ 7→h
−1Pµh , (3)
that remain from original constant linear coordinate transformations and
local Lorentz transformations respectively. The equations of motion derived
from (2) read
Dµ(t Pµ) = D0(t P0)−D1(t P1) = 0 , (4)
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with the covariant derivative DµPν≡∂µPν + [Qµ , Pν ]. In terms of the field
g≡VVt ∈ G, this becomes the more familiar form of the Ernst equation [11]
∂µ(t g−1∂µg) = ∂0(t g
−1∂0g)− ∂1(t g
−1∂1g) = 0 . (5)
We now put up the canonical framework. Treating Q1 and P1 as canoni-
cal variables, the corresponding momenta πQ and πP are introduced together
with the Poisson structure{
Qa1(x), π
b
Q(y)
}
=
{
P a1 (x), π
b
P (y)
}
= δab δ(x− y) (6)
at equal time t 6=0 [12]. For convenience in later calculations we switch to
the index-free tensor notation. Denote
1
X≡ X⊗I and
2
X≡ I⊗X. Let further
Ωg≡ ta⊗ t
a be the Casimir element of g, which allows the decomposition
Ωg = Ωh+ Ωk (since the direct sum g = h⊕ k is orthogonal with respect to
the Cartan-Killing form). The canonical brackets (6) in the tensor notation
become{
1
Q1 (x) ,
2
πQ (y)
}
= Ωh δ(x− y) , (7){
1
P 1 (x) ,
2
πP (y)
}
= Ωk δ(x− y) .
We state the fundamental non-vanishing Poisson brackets for the physical
fields, calculated from (7):
{
1
P 0 (x) ,
2
Q1 (y)
}
= −
2
t
[
Ωh ,
1
P 1 (x)
]
δ(x− y) , (8)
{
1
P 0 (x) ,
2
P 1 (y)
}
= −
2
t
[
Ωk ,
1
Q1 (x)
]
δ(x− y) +
2
t
Ωk ∂1δ(x− y) .
This completes the basics of the canonical setting. Our next goal is the iden-
tification of a family of conserved charges. As essential tool, we canonically
employ the linear system of the model [2, 3], that encodes the equations of
motion (4):
∂µVˆ(x, t, γ) = Vˆ(x, t, γ)Lµ(x, t, γ) ; (9)
for a group-valued function Vˆ(x, γ) with spectral parameter γ and
Lµ ≡ Qµ +
1 + γ2
1− γ2
Pµ +
2γ
1− γ2
ǫµνP
ν . (10)
Compatibility of this linear system is equivalent to (4) if the spectral pa-
rameter γ has an explicit coordinate dependence according to
γ(x, t, w) = −1
t
(
w − x±
√
(w − x)2 − t2
)
. (11)
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The free integration constant w in (11) may be understood as the hidden
“constant spectral parameter” of the linear system. Actually the coordinate
dependence of the spectral parameter current is the essential difference be-
tween the gravity models and the chiral field model; the linear system (9)
with constant γ leads to equations of motion DµPµ = 0, which differ from
(4) exactly by the absence of the factor t.
With the linear system (9) at hand, we define for fixed t the associated
transition matrices T (x, y, w) [13] by
T (x, y, w) ≡ Vˆ−1(x, γ(x,w))Vˆ(y, γ(y,w)) . (12)
They obey
∂tT (x, y, w) = −L0(x, γ(x,w))T (x, y, w) + T (x, y, w)L0(y, γ(y,w)) .
This already shows, that assuming asymptotically flat solutions, for which
the currents Qµ, Pµ and hence Lµ vanish at spatial infinity, the transition
matrices T (w) ≡ T (x→−∞, y→∞, w) become conserved quantities:
∂tT (w) = 0 . (13)
Thus, we obtain a family of time-independent quantities in complete analogy
to the chiral field model [14]. Expanding T (w) around w=∞ according to
T (w) = I +
1
w
T1 +
1
w2
T2 + . . . (14)
allows to extract a countable set of conserved charges. For illustration, we
state the first two expressions, which may explicitly checked to be time-
independent due to the equations of motion (4):
T1 = t
∫
∞
−∞
dx V(x)P0(x)V
−1(x) , (15)
T2 = t
2
∫
∞
−∞
dx V(x)P0(x)V
−1(x)
∫
∞
x
dy V(y)P0(y)V
−1(y)
+ 1
2
t2
∫
∞
−∞
dx V(x)P1(x)V
−1(x)
+ t
∫
∞
−∞
dx xV(x)P0(x)V
−1(x) .
We can further calculate the Poisson structure of the transition matri-
ces T (w), tracing back their dependence on the basic currents via (12) and
(10). Using standard techniques [13], this is a more or less straightforward
although lengthy exercise. The explicit coordinate dependence of the spec-
tral parameter makes parts of the calculation more tedious, however, it is
exactly this dependence, that finally ensures the result to be the well-defined
and surprisingly simple expression{
1
T (v) ,
2
T (w)
}
=
[
2Ωg
v − w
,
1
T (v)
2
T (w)
]
, (16)
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which is the first main result of this letter. In contrast to this rather appeal-
ing quadratic structure, the analogous calculation for the related chiral field
model was spoiled by severe and incurable ambiguities, that were caused by
the non-ultralocal terms (containing derivatives of delta-functions) in the
basic Poisson brackets (8) [15]. Although the same terms arise here, their
behavior is roughly speaking compensated by the coordinate dependence of
the spectral parameter (11).
It is crucial to notice that all the charges contained in T (w) become
invisible
T (w) = I , (17)
if the physical currents Qµ, Pµ are regular at t=0. This can already be seen
from (15): all the Tm are independent of t and vanish for t=0. We should
emphasize, that (17) does not arrive as a constraint, but is understood in the
way, that the non-singular solutions live in the sector where (17) holds (just
as (16) is an algebra of symmetries rather than a gauge algebra of first-class
constraints).
Despite this fact, which is another essential and surprising difference
in comparison with the chiral field model, the charges play a rather non-
trivial role in the non-singular subsector. Being conserved quantities, they
commute with the full (covariantized) Hamiltonian and thus generate sym-
metries of the model. We explicitly give the action of T (w) on the physical
currents up to H-gauge transformations (3):
{
1
T (w) ,
2
P± (x)
}
= ∓
8γ2
1
T− (x,w) Ωk
1
T+ (x,w)
t2(1± γ)2(1− γ2)
, (18)
where we have defined
P± ≡ P0 ± P1 , T−(x,w) ≡ T (−∞, x, w) , T+(x,w) ≡ T (x,∞, w) .
According to the expansion (14), we obtain in particular{
tr(JT1), P±(x)
}
= 0 , (19){
tr(JT2), P±(x)
}
= ∓2
(
V−1(x)JV(x)
)∣∣∣
k
; (20)
for a constant matrix J , where |k denotes the projection of g onto the coset
subpart k. Comparing this with the infinitesimal action of the Geroch group
as it has been made explicit in [9], it turns out, that (20) exactly coincides
with the action of the element g1 from the affine algebra underlying the
Geroch group with commutation relations[
gam , g
b
n
]
= fabc g
c
m+n . (21)
In particular, the set of ga1 generates that half of the affine algebra that acts
nontrivially on the physical fields. Thus, having identified the action of g1
5
among the transformations (18), the action of the entire nontrivial half of
the Geroch group is enclosed in the T (w).
From the mathematical point of view it may at first sight cause a little
surprise that the quadratic algebra (16) contains half of an affine algebra.
However, this is actually nothing but an amusing consequence of the vanish-
ing of the charges in the non-singular subsector, on which the Geroch group
commonly has been implemented. Recalling (17) it becomes clear, that in
this sector the matrix entries of (T−I)2 Poisson-commute with all the fields.
Thus without changing the algebraic structure of the symmetry generators,
the relations (16) are equivalent to:
{
1
T (v) ,
2
T (w)
}
=
[
2Ωg
v − w
,
1
T (v)
2
T (w)
]
(22)
−
[
2Ωg
v − w
,
(
1
T (v)−
1
I
)(
2
T (w)−
2
I
)]
=
[
2Ωg
v − w
,
1
T (v)+
2
T (w)
]
,
which just describes half of an affine algebra [13]. In this sense we may
identify the Tm from (14) with the gm−1 from (21).
The Poisson realization of the Geroch group now opens up the way
to approach its quantum counterpart. The consistent quantization of the
quadratic structure (16) is known [16, 17] and leads to exchange relations
of the Yangian type
R(u− v)
1
T (u)
2
T (v) =
2
T (v)
1
T (u)R(u − v) , (23)
where the matrix entries of T (w) are now represented as operators on a
Hilbert space and
R(u) = I +
2i~Ωg
u
(24)
is a quantum R-matrix satisfying the Yang-Baxter equation with spectral
parameter. These quantum group structures are known to be naturally
linked to knot theory [17] which in turn arises in the loop variable ap-
proach to 4D quantum gravity [7, 8]. This suggests that quantization of the
midi-superspace model of dimensionally reduced gravity (2) already reveals
essential mathematical structures of the full quantum theory.
Since the quantum Geroch algebra (23) underlies an algebra of classical
symmetries (16), the spectrum of physical states will admit decomposition
into multiplets according to representations of (23). Although the complete
related quantum model is still missing, Ref. [18] provides an exact quan-
tization of the isomonodromic truncation of (2) in a covariant “two-time”
framework. It would be highly interesting to recover traces of the mentioned
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multiplet structures among the exact solutions of the Wheeler-DeWitt equa-
tion.
A more detailed presentation of the results stated in this letter will ap-
pear elsewhere. We would like to thank H. Nicolai for helpful discussions.
The work of D. K. was supported by DFG Contract Ni 290/5-1; H. S. thanks
Studienstiftung des Deutschen Volkes for support.
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